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In this work, we Present some results on the dynamical consistent natures between a timediscrete and
a time-continuous SIRS models. The time-discrete SIRS model is built with a way making use $oi$ the
Royama’s framework (Royama 1992; 2007, 2008, 2011), which is sometimes called the ‘first-principle’
modelling. Introducing a time step size for the time-discrete model and taking its zero limit, we can derive
a corresponding time-continuous model with ordinary differential equations, which is a typical SIRS model,
sometimes called the Kermack-McKendrick SIRS model. For the SIRS model considered here, we assume
an epidemic population dynamics of nonfatal disease transmission, with a constant total population size, say
$N$ . The susceptible population on the kth day is denoted by $S_{k}$ , and the infective by $I_{k}$ . We assume the
probability $P_{k}(i)$ that the number of contacts to other individuals by an individual is $i$ in the kth day, and give
$t$he probability that the individual who contacts in $j$ times to some infectives in the kth day successfully
escapes from the infection by $(1-\beta_{k})^{j}(0<\beta_{k}<1)$ . The parameter $\beta_{k}$ corresponds to the probability that the
susceptible is infected by a contact to an infective in the kth day. Besides, we assume the recovery probability
$q_{k}$ for an infective in the kth day, additionally with the probability $m$ that the recovery successfully brings the
immunity. The immune population on the kth day ls denoted by $R_{k}$ . The immunity is waned with probability
$\theta$ per day. With these assumptions, we can derive a discrete epidemic dynamics model for the susceptible
frequency $\psi_{k}=S_{k}/N$ , the infective $\phi_{k}=I_{k}/N$ , and the immune $\eta_{k}=R_{k}/N$ . Especially, we consider the case
that $P_{k}(j)$ follows a Poisson distribution. With some additional appropriate assumptions and introduction
of a time step size for the discrete model, we can derive a corresponding time-continuous SIRS model with
zero time step size limit In this paper, we describe the result from a comparison between these time-discrete
and time-continuous SIRS models from the viewpoint of their dynamical (qualitative/quantitative) natures:
the existence and the stability of equilibrium state, and show their dynamical consistency for a non-trivially
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$q$ 1 $(0<q\leq 1)$






















$h>0$ [7, 8, 9] :
$\psi(t+h)=$ $\psi(t)e^{-\beta\gamma h\phi(t)}+(1-m)qh\phi(t)+\theta h\eta(t)$
$\phi(t+h)=$ $\psi(t)\{1-e^{-\beta\gamma h\phi(t)}\}+(1-qh)\phi(t)$ (3)
$\eta(t+h)=$ $mqh\phi(t)+(1-\theta h)\eta(t)$
(2) (3) (2)
$\gammaarrow\gamma h,$ $qarrow qh,$ $\thetaarrow\theta h$ (2) $q(0\leq q\leq 1)$
$\theta(0\leq\theta<1)$ $qh$ , $\theta$ (3) $q$ $\theta$
( ), (
$)$ $qh$ $\theta h$ $q$ $\theta$ $0\leq q\leq 1/h$ ,
$0\leq\theta<1/h$ (1 )












$\phi_{0}\ll 1,$ $\psi 0\approx 1,$ $\eta 0=0$ (1) 2
$\phi_{1}$ $=$ $\sum_{j=0}^{\infty}\{1-(1-\beta\phi_{0})^{j}\}P(j)\psi_{0}+(1-q)\phi_{0}$
$\approx$ $\sum_{j=0}^{\infty}j\beta\phi_{0}P(j)+(1-q)\phi_{0}$
$\langle\pi\rangle$ ( ) 1 $\langle\pi\rangle=$
$\sum_{j=0}^{\infty}jP(j)<\infty$ $i$ -n $jP(j)<\overline{n}$
$\phi_{1}>\phi_{0}$
(basic reproduction ratio at the































$i\geq 0$ $0<\psi_{i}\leq 1$ $\mathcal{R}_{0}\leq\beta\langle\pi\rangle/q$
$\beta\langle\pi\rangle/q<1$ $<1$ ( )
$\mathcal{R}_{0}<1$
( )
$\psi_{0}\approx 1$ $\psi_{i}\approx 1$ $i\geq 0$













$\gammaarrow\gamma h,$ $qarrow qh$ ( SIRS (3) )
Kermack-McKendrick SIRS (4)
$\mathcal{R}_{0}=\beta\gamma/q$ SIRS (3) $\mathcal{R}_{0}$
$\mathcal{R}_{0}=\beta\gamma/q$
Result SIRS (3) Kerm$\mathfrak{X}$k-McKendrick SIRS (4) $\mathcal{R}\mathfrak{v}$
$h$
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SIRS (3) Kerm$\mathfrak{X}$k-McKendrick SIRS (4)
(disease-free equilibrium; DFE) $(\psi^{*}, \phi^{*}, \eta^{*})=(1,0,0)$
SIRS $\theta>0$ SIRS
(3) DFE DFE $\beta\gamma h+1-qh$
$qh\leq 1$ SIRS (3)
DFE 1
1 $\beta\gamma-q<0$
$\beta\gamma-q>0$ SIRS (3) DFE
Kermack-McKendrick SIRS (4) DFE
$\beta\gamma-q$ DFE
Result $\theta>0$ SIRS (3) Kermack-McKendrick SIRS (4)









Fig. 2: (3) (4) SIRS $\psi(0)=0.999$ ;
$\phi(0)=0.001;q=0.02;m=0.5_{:}\cdot\theta=0.001;\beta=0.1;\gamma=0.5;h=10.0;\mathcal{R}0=2.5$
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SIRS (3) $K$ermack-McKendrick SIRS (4)
(endemic equilibrium) $(\psi^{*}, \phi^{*}, \eta^{*})=(+, +, +)$
SIRS $\theta>0$
SIRS (3) $(\psi^{*}, \phi^{*}, \eta^{*})=(+, +, +)$
:





$\eta^{*}$ $=$ 1 $-\psi^{*}-\phi^{*}$ (10)
$M=mq/\theta$ (8-10) 1 $\psi*,$ $\phi^{*},$ $\eta^{*}$
2 (9) $\phi^{*}$
$\beta\gamma>q$ $0<\phi^{*}<1/(1+M)$ $\phi^{*}$
(8), (10) $0<\psi*<1,0<\eta^{*}<1$ $\psi*,$ $\eta^{*}$




$( \psi^{*}, \phi^{*}, \eta^{*})=(\frac{1}{\mathcal{R}_{0}},$ $\frac{1}{1+i\downarrow I}(1-\frac{1}{h}),$ $\frac{M}{1+M}(1-\frac{1}{\mathcal{R}_{0}}))$
$\mathcal{R}_{0}>1$
Result $\theta>0$ SIRS (3) Kermack-McKendrick SIRS (4)





SIRS (3) Kermack-McKendrick SIRS (4)
44 SIS $(m=0)$
$m=0$ (3) (4) SIS DFE
DFE
SIS (3) 1, Kermack-McKendrick SIS (4)
$0$ 1 SIS (3) $\psi(kh)+\phi(kh)=1$
$k=0,1,2$ , dots Kermack-McKendrick SIS (4) $\psi(t)+\phi(t)=1$
$i$
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DFE $\beta\gamma h+1-qh\leq 1$ $\beta\gamma h+1-qh>1$
$\beta\gamma h+1-qh>1$ $\phi^{*}>0$





logistic DFE $\beta\gamma-q\leq 0$ $\beta\gamma-q>0$
$\beta\gamma-q>0$ $\phi^{*}>0$
Result $m=0$ SIS (3) Kermack-McKendrick SIS (4)
$m=0$ Kermack-McKendrick SI$S$ (4) $\beta\gamma-q>0$
$\phi(t)$ $\phi^{*}>0$ $m=0$ SIS
(3)
$m=0$ SIS (3)
$1\theta>0$ (3) 1, (4) $0$
70
$\psi_{k}$
Fig. 3: $\theta=0$ $m\geq 0$ (3) SIR $m=0$ SIS
$\psi_{0}=0.999_{:}\cdot\phi_{0}=0.001;q=0.1;\beta=0.1;\gamma=5.0;h=1.0;\mathcal{R}0=5.0_{\text{ }}$
4.5 SlR $(\theta=0$ $m>0)$
(3) Kermack-McKendrick (4) $0$ ,
$\theta=0$ , $m>0$
SIR (Figs. 3, 4 )
$\theta=0$ $m=1$
[9] (3) $K$ermack-McKendrick (4)
$(\psi, \phi)$-
$\psi+\phi-\frac{q}{\beta\gamma}\log\psi=$ const. (13)
$\theta=0$ $m=1$ $(\psi, \phi)$ -
SIR (3) $\{(\psi(t), \phi(t))|t=0, h, 2h, \ldots\}$ Kermack-McKendrick SIR
(4) ( $F$ ig. 4 $(b)$ ) $\theta=0$ $m=1$ Kermack-McKendrick
SIR (4) $\beta,$ $\gamma,$ $q$ SIR (2) $h$
$\gamma$ $q$ $\gammaarrow\gamma h,$ $qarrow qh$
$\psi_{k+1}=$ $\psi_{k}e^{-\beta\gamma h\phi_{k}}$
$\phi_{k+1}=$ $\psi_{k}(1-e^{-\beta\gamma h\phi_{k}})+(1-qh)\phi_{k}$ (14)
$\eta_{k+1}=$ $qh\phi_{k}+\eta_{k}$
( (3) ), (4) $(\psi(0), \phi(0))$ $(\psi_{0}, \phi_{0})=$
$(\psi(0), \phi(0))$ (14) $\{(\psi_{k}, \phi_{k})|k=0_{\rangle}1,2, \ldots\}$ (4) $(\psi(t), \phi(t))$
$h$ $\{(\psi(t), \phi(t))|t=0, h, 2h, \ldots\}$ : $(\psi_{k}, \phi_{k})=(\psi(kh), \phi(kh))$
$(k=0,1,2, \ldots)$
Result (2) $\theta=0$ $m=1$ SIR (14)







Fig. 4: $\theta=0$ $m>0$ (3) (4) SIR (a) $m=0.5$ ;(b) $m=1.0$
$\psi(0)=0.999;\phi(0)=0.001$ ; $q=0.02;\beta=0.1;\gamma=0.5;h=10.0;\mathcal{R}0=2.5$ (b) (3)
$\{(\psi(t), \phi(t))|t=0, h, 2h, \ldots\}$ (4)
$\theta=0$ $0<m<1$ $m=1$ dynamical consistency
dynamical consistency $h$
(Fig. 4(a) )
$\theta=0$ $0<m<1$ Kermack-McKendrick SIR (4)
$\psi+\phi-\frac{mq}{\beta\gamma}\log|\beta\gamma\psi-(1-m)q|=$ const. (15)
(15) $(\psi, \phi)$- Kermack-McKendrick SIR (4)






















$\psi_{k}$ $\psi(t)$ $\psi_{k+1}$ $\psi(t+h+w)$ $w$
$\psi(t)$ $\psi(t+h+w)$
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